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Mathematical Modelling of Particle
Removal and Head Loss in Rapid Gravity

Filtration

Shejiao Han,1 Caroline S. B. Fitzpatrick,1

and Andrew Wetherill2

1Department of Civil & Environmental Engineering, University College

London, UK
2Yorkshire Water, Bradford, UK

Abstract: A new filtration model has been developed to describe the entire three-stage

filtration run. The two-stage assumption is applied for physical description of the rapid

gravity filtration process. At the first stage of the filtration, previously deposited

particles serve as collectors to improve particle removal efficiency and the detachment

of deposited particles does not occur until the specific deposit reaches a certain

transient specific deposit where the second stage starts. Particle detachment rate at the

second stage is assumed to be a function of relative specific deposit and hydrodynamic

conditions within filter media. The proposed filtration model has been applied to fit the

data from one water treatment plant of Yorkshire Water (UK). The comparison demon-

strates a good agreement between water treatment site data and the simulated results.

Keywords: Rapid gravity filtration, modelling, particle removal, head loss

INTRODUCTION

Rapid gravity filtration is a commonly used solid/liquid separation process for
drinking water treatment. Mathematical models with predictive capabilities

are important tools for the design and operation of rapid gravity filters.
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In order to have good predictability of filter performance, it is essential to

understand mechanisms underlying the rapid gravity filtration process. In

terms of effluent concentration changes, an entire filtration run is usually

divided into three stages, described as ripening, working, and breakthrough.

The improvement in particle removal efficiency is known as ripening at the

start of the filtration run. The characteristics of bed ripening are a major

concern in the design and operation of rapid gravity filters. O’Melia and Ali

(1) investigated the effects of previously deposited particles on the changes

of removal efficiency and head loss that occur with time on the ripening

stage, and a model was proposed to describe the removal efficiency of a

collector that consists of a filter grain and an associated number of particles

deposited to it that also serve as collectors. It should be noted that the

model developed by (1) is limited to the ripening stage. Their work was

then extended by a number of other researchers (2–4). At the working stage

the filter possesses a stable removal capability so that the effluent concen-

trations remain stable at low levels. Following the working stage, the

effluent concentration starts to increase until the whole filter loses its separ-

ation capacity. Obviously, another concern with design and operation of

rapid gravity filters is breakthrough where the effluent quality starts to deterio-

rate and the filtration operation has to stop for backwashing for the next fil-

tration run. It has been experimentally observed that the detachment of

already deposited particles on the grains is an important phenomenon

during the filtration that brings deposited particles from the top to the

bottom of the filter causing breakthrough (5–7). Adin and Rebhun (5)

proposed a rate expression that includes a second term to consider detachment

of already deposited particles, i.e.

@s

@t
¼ k1ucðF � sÞ � k2s J ð1Þ

It should be noted that Equation (1) is not applicable for the ripening stage.

In this study, a filtration model will be established to describe the entire

filtration run consisting of ripening, working and breakthrough three stages.

The proposed filtration model will be applied to fit the filter effluent

turbidity data from one water treatment Yorkshire Water plant in the UK.

DEVELOPMENT OF A FILTRATION MODEL

Physical Descriptions of the Filtration Model

Tien et al. (8) proposed that the filtration process consists of two consecutive

stages, i.e. a smooth coating mode followed by the constriction clogging

mode. In this study, the two-stage hypothesis is also applied to describe the

entire rapid gravity filtration process but a different approach will be taken:
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Stage 1: Suspended particles start to deposit outside filter grains and

previously deposited particles begin to serve as additional collector sites

for the further attachment of suspended particles. The detachment of

deposited particles does not occur during filtration at this period of time

until the specific deposit reaches a certain value sc. This assumption is con-

sistent with experimental observations carried out by Ives (6). First Ives (6)

used endoscopes with video recording inserted into rapid sand filters to

observe directly and dynamically filtration deposition in the filter pores.

It was revealed in his experiments that deposits of clay over grains accumu-

lated over several hours of filtration, then were partially detached by the

arrival of further suspension particles. It was concluded in his work that

detachment during filtration is a real phenomenon, but only when substan-

tial deposits are present.

Stage 2: The detachment starts to occur, mainly due to the increase of

hydraulic shear forces with increase of interstitial velocity within the free

space of filter media. The detachment phenomenon has been observed

and simulated by a number of researchers (5–7, 9). At the second stage

both deposition and detachment take place.

Mass Balance within the Filter Column

The mass conservation of particles within the filter in the filtration can be

written by

@ð1 cÞ

@t
þ V � rð1 cÞ � rð1DrcÞ þ

@s

@t
¼ 0 ð2Þ

For a randomly packed granular filter with a rather large ratio of bed diameter

to granule diameter, the flow along the filter column is usually assumed a plug

flow and the dispersion term is negligible. And the change in pore-suspension

concentration with time is also negligible compared to the change in the

specific deposit (5, 8). Therefore, the mass balance within the filter can be sim-

plified as

u
@c

@z
þ
@s

@t
¼ 0 ð3Þ

For filtration with a clean filter, the initial and boundary conditions can be

defined as

c ¼ 0;s ¼ 0 for z � 0; t ¼ 0 ð4Þ

c ¼ cin for z ¼ 0; t . 0 ð5Þ

It can be obviously seen from Equation (3) that the deposition rate needs to be

determined for predicting the changes of suspended particle and specific

deposit concentrations in time and space.
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Deposition Rates at Two Stages

Iwasaki (10) first proposed a rate expression that describes a first-order

removal with depth proportional to the local particle concentration in the fluid

@c

@z
¼ �lc ð6Þ

Assuming that filter grains are perfect spheres, the number of collectors in the

differential volume with a height dz and a cross-section area Ac can be calcu-

lated by

Nc ¼
6ð1� 10ÞAcdz

pd3c
ð7Þ

By the definition that the single collector removal efficiency h is the ratio of

the rate at which particles deposit on the collector divided by the rate at which

particles flow toward the collector, the mass conservation of particles in the

volume element can be written as (11)

3

2
hð1� 10Þ

u

dc
cAc dz ¼ �ðuAcÞdc ð8Þ

Comparing Equations (6) and (8) gives

l ¼
3

2

ð1� 10Þh

dc
ð9Þ

As mentioned in the Introduction, O’Melia and Ali (1) proposed that at the

ripening stage the actual collector consists of a filter grain and an associated

number of particles deposited to it that also serve as collectors, and the

removal efficiency of the single collector was calculated by

h ¼ ah0 þ Naphp

dp

dc

� �2

ð10Þ

and

N ¼ ah0b
3

2� ð1000� rpÞ

d2c
d3p

 !
u

ðt
0

c dt ð11Þ

The following correlation developed by Rajagopalan and Tien (12) is applied

for the calculation of h0

h0 ¼ 4:0A1=3
s

D1

udc

� �2=3

þAsN
1=8
LO N

15=8
R þ 3:38� 10�3AsN

1:2
G N�0:4

R ð12Þ

where As ¼ 2 (12 p5)/w, w ¼ 22 3pþ 3p52 2p6 and p ¼ (12 1)1/3.
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The deposition rate at the first stage of the filtration can be obtained by

combining Equations (3), (6) and (9–11).

@s

@t
¼

3

2

ð1� 1Þ

dc
ah0 1þ aphpb

3

2� ð1000� rpÞ

d2c
d3p

 !
u

ðt
0

c dt

" #

uc s � sc ð13Þ

As mentioned earlier, experimental observations carried out by Ives (6)

indicated that detachment does not occur until substantial deposits are

present in the filter, represented by a certain value of sc. This suggests that

deposited particles forming this amount of accumulated material will not be

detached by fluid shear forces during entire filtration. Therefore, the detach-

ment rate is assumed to be proportional to the relative specific deposit

s2 sc rather than the absolute specific deposit s, which has been applied

by a few researchers to describe the detachment rate (5, 13, 14). The detach-

ment rate is also assumed to be proportional to the hydraulic gradient within

the filter media. The following equation is proposed to describe the deposition

rate at the second stage of the filtration

@s

@t
¼

3

2

ð1� 1Þ

dc
ah0 þ aphpb

dp

dc

� �2

N

" #
uc�4Jðs� scÞ s . sc ð14Þ

where

N ¼ ah0

3

2� ð1000� rpÞ

d2c
d3p

 !ðtc
0

uc dt

þ

ðt
tc

1

1000� rpð1� 10Þ

dc

dp

� �3@s
@t

dt ð15Þ

N is an associated number of deposited particles which are served as additional

collectors for a single filter grain. The first term and the second term on the

right side of Equation (15) represent the number of deposited particles at

the first and second stages respectively.

The experimental data obtained by Adin, and Rebhun (5) suggested that

the detachment coefficient4 could be described as a function of filtration flow

rate. The following expression was obtained in their study:

4 ¼ 40u
1:75 ð16Þ

40 is a constant for a specific filtration system.

S. Han et al.1802
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Head Loss through the Filter Column

Under the condition with a constant filtration flow rate, the deposition of

suspended particles on the surface of filter media causes the clogging,

resulting in the reduction of permeability. O’Melia and Ali (1) proposed

that permeability is inversely proportional to the square of interfacial

surface area in the filter. On the basis of this assumption, Mays and Hunt

(15) developed the following equation for the calculation of hydraulic

gradient within a clogged filter

J ¼ J0 1þ
g

rp
s

 !2

ð17Þ

g is an empirical parameter which is related to the flow rate, the particle surface

area to volume ratio, filter grain size, and clean filter bed porosity. And on the

basis of experimental data in the literature, g was proposed to be expressed as

g ¼ g0u
�0:55 ð18Þ

g0 is a constant for a specific filtration system.

Combining Equations (17) and (18) gives

J ¼ J0 1þ
g0
rp

u�0:55s

 !2

ð19Þ

Therefore, the head loss through the filter can be calculated by

h ¼ J0

ðL
0

1þ
g0
rp

u�0:55s

 !2
dz ð20Þ

Suspended particle concentration and specific deposit profiles within the filter

in time and space can be simulated by solving Equations (3–5), (13) and (14).

The head loss through the filter is calculated by Equation (20). The hydraulic

gradient in the clean filter bed J0 can be calculated by the Carman-Kozeny

equation or be experimentally obtained.

RESULTS AND DISCUSSION

Model Simulation

Model Parameters

The parameters to be determined include a, ap, hp, b, 40, sc, and g0 in the

proposed filtration model. Since the parameters of ap, hp, and b are present
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as a group in the model, these can be treated as a single parameter. Use of this

model requires specification of values for these model parameters.

As described by O’Melia and Ali (1), particle removal (ce/cin) from the

clean bed to the end of ripening stage is controlled by the values of a and ap,

hp, b. a values are in the range of 0.5–1 for favorable chemical conditions

(4). a values can be calculated from the experimental data for clean or

initial filter bed particle removal. The value of ap, hp, b is estimated by

best fitting experimental data with the calculated values of particle

removal efficiency at ripening stage in the proposed filtration model. In

similar manner, the values of 40 and sc can be estimated by particle

removal at breakthrough stage. Head loss coefficient g0 is determined by

best fitting experimental results with the simulated head loss profile in

the proposed filtration model.

The filtration model is numerically solved to simulate suspended particle

concentration and specific deposit profiles within the filter column in the filtration

(Filtration time is assumed to be 24 hours for this simulation). This information

will help to understand what happens within the filter column during filtration.

In the simulation, the filter column with a depth of 0.9 m is divided into

100 layers. The values of model parameters were deliberately chosen to make

breakthrough take place significantly, so that the proposed filtration model can

be fully assessed. The values of model parameters for the simulation are listed

in Table 1.

Suspended Particle Concentration and Specific Deposit Profiles within

the Filter Column

Figure 1 shows relative suspended particle concentration profiles with filter

depth during the 24 hour filtration. It can be seen that the particle concen-

tration rapidly declines with depth at the top of the filter, indicating that

effective particle removal is achieved. After 2 hour filtration, there is little

reduction in the suspended particle concentration over the top layers of

about 0.05 m, but the particle concentration continues to decrease at lower

layers. This means that the top layers of the filter start to lose separation capa-

bility but particle removal is still improved over the rest of the filter column.

With further filtration operation, the reduction and even complete loss of

Table 1. The values of model parameters for the simulation

L ¼ 0.9 m a ¼ 0.9

cin ¼ 6 mg/L ap, hp, b ¼ 0.9

u ¼ 5 m/hr 40 ¼ 200

dc ¼ 0.8 mm sc ¼ 300 mg/L
dp ¼ 4 mm h0 ¼ 0.4 m

10 ¼ 0.4 g0 ¼ 30

S. Han et al.1804
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separation capability takes place from the top to the lower part of the filter.

These simulated particle concentration profiles are consistent with experimen-

tal results obtained by Deb (16) and Hunt et al. (17). It should be pointed out

that the suspended particle profiles for 0.54 mm sand did not demonstrate the

ripening stage in the work carried out by Hunt et al. (17). This may be because

in experimental measures conducted by Hunt et al. (17), samples were taken

after 30 minutes from the start of filtration runs. But the ripening stage could

be very short for this fine size sand.

The simulated results in Fig. 1 illustrate that after 24 hour filtration

effluent concentration reaches 70–80 percent of the influent concentration,

and about 0.7 m upper part of 0.9 m filter column has completely lost the sep-

aration capacity. Thus it can be explained that the upper layers play a major

role in particle removal at the beginning of filtration. As deposits build up,

the velocities increase through the more clogged upper layers of the filter,

enhancing particle detachment. Therefore, these layers become less

effective in particle removal. The burden of particle removal passes deeper

and deeper from the top to the bottom into the filter. Once the removal

capacity deteriorates within the bottom layers of the filter, the effluent concen-

tration will start to increase until the whole filter possesses no separation

capacity.

As shown in Fig. 2, specific deposit declines with filter depth. The occur-

rence of the fluctuation of specific deposit profiles is caused by numerical

simulation. As deposits build up with filtration, specific deposit through the

filter column increases with filtration time, with a more significant increase

at the upper layers. After 3 hour filtration, the very top layers start to be

Figure 1. Relative suspended particle concentration profiles along the filter column

at various filtration times.
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saturated with a specific deposit of around 700 mg/L. This indicates that this
part of the filter has completely lost its separation capacity. Further filtration

brings more filter column saturated. These simulated specific deposit profiles

along the filter column demonstrate the trends of the experimental results

obtained by Hunt et al. (17). However, in their experimental tests, the peaks

of specific deposit occurred at an upper layer after the filtration ran for a

while. But there was no explanation given for these results.

Figure 2. Specific deposit profiles along the filter column at various filtration times.

Figure 3. Relative suspended particle profiles with filtration time at different

positions.

S. Han et al.1806
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Figure 3 illustrates the changes in suspended particle concentration with

filtration time at the upper, middle and lower layers (z ¼ 0.045 m, 0.45 m, and

0.85 m) along the filter column. It can be seen that the particle concentrations

in the upper layer (z ¼ 0.045 m) are always high during filtration and break-

through occurs quickly. Proceeding downwards though the filter column

(z ¼ 0.45 m and 0.85 m), the breakthrough is delayed and the suspended

particle concentrations in the working stage get lower and lower. These

simulated suspended particle concentration profiles are consistent with the

experimental results obtained by Adin and Rebhun (5). In their work,

suspended particle concentrations were measured at different filtration times

at eight different positions from the top of the filter column. As shown in

the Fig. 9 in the reference, suspended particle concentrations at two top

positions (z ¼ 0.05 m and 0.10 m) were always higher than a half of the

influent concentration and the breakthrough rapidly started after the

ripening stage took place. At the bottom position (z ¼ 1.0 m), quite low

particle concentrations were obtained for a long period of time at the

working stage, even without a clear breakthrough at the end of test.

Although suspended particle concentrations keep at the high level at the

upper layer, the specific deposits increase rapidly at the layer before the filter

media is saturated at around 700 mg/L, as shown in Fig. 4. Specific deposits

increase much slowly at the lower layers (z ¼ 0.45 m and 0.85 m). This

demonstrates that the upper layers play a major role in particle removal and

the bed depth is also essential to achieve low particle concentrations in the

effluent. The simulated specific deposit profiles shown in Fig. 4 are consistent

with the experimental results obtained by Ives (18).

Figure 4. Specific deposit profiles with filtration time at different positions.
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Effluent Particle Concentration and Head Loss through the Filter

Column

Figure 5 shows the effluent concentration profile with filtration time. The

simulated results clearly demonstrate a typical pattern of the effluent concen-

trations, which consists of ripening, working and breakthrough stages. Head

loss through the filter increases with filtration time, as also shown in Fig. 5.

After about 21 hour filtration, the increase in head loss of filter media starts

to slow down. This is because most part of the filter has been saturated, as

discussed earlier.

The Effect of Flow Rate on Filter Separation Capability

Three different flow rates were chosen to simulate effluent concentrations at

these flow rates. As illustrated in Fig. 6, effluent concentrations significantly

increase with increase in flow rate, although the effect of the flow rate on

effluent concentration can be exaggerated in this simulation. This may be

due to the fact that the increase in flow rate will enhance the detachment of

already deposited particles from the filter grains, as described in the filtration

model. Presumably, the saturated specific deposit decreases with the increase

in flow rate, as shown in Fig. 7. This data is consistent with observations in

Yorkshire Water (UK) treatment plants. This suggests that a high flow rate

is not recommended in the rapid gravity filtration.

Figure 5. Relative effluent concentrations and head loss through the filter column

during the filtration.
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Comparison of Simulated Results with Data from a Full Scale

Water Treatment Plant

Figure 8 shows the data of particle removal and head loss in two runs at one

water treatment plant of Yorkshire Water (UK). The filter column is 0.9 m in

depth with a cross area of 90 m2 on this water treatment plant. The sand has a

Figure 6. The effect of flow rates on relative effluent concentrations.

Figure 7. The effect of flow rates on specific deposit at the position of 0.45 m.
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geometric mean size of 0.75 mm with a range of 0.55–1.0 mm, used as filter

media. The clean bed porosity is assumed to be 0.4. Influent concentration is

6 mg/L with a suspended particle size of around 4 mm and a density of

1350 g/m3. The operating temperature is around 58C in filtration.

The proposed filtration model is applied to fit the data from this water

treatment plant of Yorkshire Water (UK). The values of model parameters

are listed underneath Fig. 8. The comparison shows that the particle

removal and head loss can be well described by the proposed filtration model.

Experimental study in a pilot plant will be carried out to independently

define the values of model parameters and the model will be further evaluated.

CONCLUSIONS

A new filtration model has been proposed to describe a filtration cycle consist-

ing of ripening, working, and breakthrough stages. The comparison demon-

strates a good agreement between water treatment site data and the simulated

results from the proposed filtration model. It can be concluded from this prelimi-

nary study that this model is capable of prediction of particle removal and head

loss during rapid gravity filtration. However, further study will be carried out to

calibrate the model parameters and evaluate the model.

NOMENCLATURE

A Hamaker constant (1 � 10220 J)

Ac cross-section area (m2)

Figure 8. Comparison of simulated results and data from one water treatment plant

of Yorkshire Water (UK). a ¼ 0.9; ap, hp, b ¼ 0.85; 40 ¼ 260; sc ¼ 600 mg/L
and g0 ¼ 35.
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As parameter defined by Equation (12)

c particle concentration (mg/L)
ce effluent particle concentration (mg/L)
cin influent particle concentration (mg/L)
dc clean grain diameter (m)

dp particle diameter (m)

D particle dispersion coefficient (m2/s)
D1 bulk particle diffusion coefficient (m2/s)
F theoretical filter capacity (mg/L)
h head loss (m)

J hydraulic gradient (–)

J0 clean bed hydraulic gradient (–)

k1 attachment coefficient (m2/g)
k2 detachment coefficient (1/s)
L filter bed depth (m)

Nc number of collectors in filter bedwith a height, defined byEquation (7)

NG gravitational force number given by (rp2 r)gdp
2/(18 mu)

NLO dimensionless van der Waals number given by 4A/(9 p m dp
2 u)

NR dimensionless ratio of particle to collector size given by dp/dc
p parameter defined by Equation (12)

t time (s)

tc filtration time when the specific deposit reaches the value sc

u superficial velocity (m/s)
z position in the filter bed (m)

V fluid velocity (m/s)

Greek Symbols

a particle/filter grain attachment efficiency (–)

ap particle/particle attachment efficiency (–)

b factor of particles deposited on the filter grain which act as

additional collectors (–)

g parameter defined by Equation (18)

g0 constant (–)

1 filter medium porosity (–)

10 porosity in clean filter bed (–)

h particle/filter grain removal efficiency (–)

h0 particle/filter grain transport efficiency in the clean filter bed (–)

l filter coefficient (–)

m water viscosity (Pa . s)

rp particle density (kg/m3)

s specific deposit (mg/L)
sc transitional specific deposit (mg/L)
4 detachment coefficient (1/s)
40 constant (1/s)
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